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n a previous article', I defined the notion of a mathematical abhorithm as an abhorrent

mathematical algorithm. In that article, I deemed an algorithm “abhorrent” if the

mathematical algorithm (i.e., the set of rules used to correctly solve a mathematics
problem) has no mathematical basis, ignores any underlying mathematical basis, or if the
link between the abhorithm and any mathematical basis is not adequately taught. I also
noted that much like mathematical algorithms, mathematical abhorithms are,
unfortunately, epidemic in many mathematics classrooms. Far from being harmless, they
represent a tremendous blind spot in the teaching and learning of mathematics. After
putting the finishing touches on the article, I thought I was done writing about abhorithms.
Nope.

Change is the Only Constant

I've noticed in the last little while that the conversations I have about the teaching and
learning of mathematics have changed. I'm not talking about conversations with
colleagues—that is, other math educators. And, I'm not talking about conversations with
those who have a vested interest in the teaching and learning of mathematics—that is, math
teachers, mathematicians and their ilk. I'm talking about conversations about the teaching
and learning of mathematics with members of the general public. Let’s look at a few
examples that help identify the change that I'm referring to.

As everyone knows, what one does for a living often comes up as a topic of conversation.
The title for my job, technically, is “professor of mathematics education;” however, as I've
found out over and over again, this title is rather confusing. These days, to avoid confusion,
I tell people that I meet thatI teach future math teachers. I'll be honest: It’s not a phrase that
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I'm completely satisfied with, and I've gone through various versions of the phrase,
including “I teach prospective math teachers,” “I work with future math teachers,” and “I
teach classes that future math teachers take while in school,” but for whatever reason,
“teaching future math teachers” is the one that lands for everybody and allows us to move
on in the conversation. Perhaps you know what's coming next.

Once it has been established that I teach future math teachers, recent changes to the teaching
and learning of mathematics (e.g., curricular changes, wordy textbooks, calculator use,
“new math,” etc.) are on the tip of everybody’s tongue. Previously, I would often bear the
brunt of the ire resulting from peoples’ attempts to help children, to no avail, with their
math homework. Whether it was parents helping their kids, grandparents helping their
grandkids, aunts and uncles helping nieces and nephews, or any other combination of an
adult attempting to help a child with their school mathematics homework, the question
directed at me was often some version of “Why is math taught differently now?” This
question, as I would come to find out through further conversation, was often a veiled
admittance that the adult was not able to help a child with their math homework, for
whatever reason. And, it would often be followed up with, “Back in my day...” For
example, “Back in my day, you would just put a tick mark in the next column and you got
on with it. And, for the life of me, I can’t figure out why anybody would teach addition
from left to right.” Or, my favourite, a version of a classic saying: “Back in my day, you
didn’t understand math, you just got used to it.” As I said earlier, though, these
conversations are changing.

The Hockey Rink Dressing Room
I realized that this change was taking place during the conversations about the teaching
and learning of mathematics that consistently came up for discussion in the hockey rink
dressing rooms that I frequent three to four times a week. (I should admit that I use the
hockey rink dressing room as a barometer for many things in
What came as life. Political, financial, vehicular—you name it, you'll learn a lot
a surprise to if you listen closely when getting dressed and undressed before
me was that the  and after a hockey game.) What came as quite a surprise to me
conversations | was that the conversations I was used to having about changes
in the math class were no longer taking place.

was used to

having about The exact details aren’t necessary; let’s just say that I started
changes in the skating for an additional team. As I got to know the team and
math class the team got to know me, we got comfortable with each other

uickly over a few short weeks. Then, it happened: “He
were no longer %heranf, what’s your day job?” To which I gaeze my now}i
taking place. standard reply about working with future math teachers. “You
do, huh. Hey, you know that new math that they’re doing in
schools...” I thought to myself, “Oh boy, here we go.” My new teammate then continued,
“I'm the one who does math homework with my daughter.” I said something stupid, like,
“That’s cool.” He continued, “Yeah, she’s been showing me all these different approaches
for adding and subtracting fractions. I didn’t really get what she was doing at first because
she was using sticks and blocks and drawing pictures. Me, I used to just multiply three
times and get the answer.” As I began to let out a little smile, I just had to ask: “And, what
do you think?”

In the past, this prompt was typically met with derision, but, like I said, things have
changed. “Well, math is a tricky subject. I guess it’s important to show kids different ways
of looking at things if they don’t really get it. Hell, the only reason I'm the one who does
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math homework with our daughter is because I got better grades in math than my wife. I
mean, just barely better grades, but she uses it as an excuse to not have to be the math-
homework-person in the house.” He continued, “You know what though, I'm learning
things. Heck, my daughter’s even teaching me things about math that would’ve helped me
when I was learning it myself!” It was at this point that I was unable to fully control the
smile on my face. I won’t go into all the other similar conversations that I've been having,
because I'm able to say, with confidence, that the larger message is similar to the one
embedded in the dressing room exchange I've just presented.

Changes to the teaching and learning of mathematics are taking If we accept, as
root, and young people might just be the linchpin to larger a premise, a
acceptance of these changes, as is the case with many other issues new math class
(e.g., climate change) in today’s world. zeitgeist...fine.
Change, as they say, is good. We're all good then, right? Well, if There are,

I'm being honest, I'm a little concerned about what’s coming next however, new

in math class. These next phases are quite crucial for any sea- responsibilities.

change in the teaching and learning of mathematics. If we accept,

as a premise, a new math class zeitgeist—a math class that embraces mathematics as the
science of pattern and order, emphasizes discussion, emphasizes student understanding,
and teaches concepts using different strategies according to students’ different learning
needs; a math class that looks hardly anything like the math class my teammate took all
those year ago—fine. There are, however, new responsibilities.

Abhorithmic Exchanges

Perhaps the most pressing ramification of this new mathematics education world order is
that the job of a math teacher just became much more difficult. Yes, the job of math teacher
was already difficult; however, in this new world order, the days of “Put your hand down,
I'm not taking questions for the remainder of the period” is also over. Be careful what you
wish for, as they say.

To help paint this picture, I'm going to recreate a few of my more memorable abhorithmic
exchanges. These exchanges are ones where I was either (1) the student, (2) the teacher or
(3) I overheard while listening to two people discuss school mathematics. As you'll see, this
new math classroom, the one that we are perhaps moving towards, may not be any better
than the one we are leaving behind.

Multiplication of integers

Easily my most memorable abhorithm came from my Grade 5 teacher, who was teaching
the class why a negative number times a negative number resulted in a positive number.
As they stood at the front of the room, index fingers pointed at each other at about eye level,
they started to slowly move the fingers toward each other, with one of the index fingers
changing from a horizontal position to a vertical position, finally resulting in a plus sign.
For good measure, the sound “Bwoooooop!” was made during the process. Super
memorable, easy to understand and, to be honest, I never got a question involving integer
multiplication wrong after that lesson. There’s just one problem: “Bwoooooop!” is an
abhorithm. The days of abhorithms, arguably, are over. So what if “Bwoooooop!” was
replaced with the following exchange?

Egan: Excuse me, Mr. Chernoff, I have a question.
Mr. Chernoff: Yes, Egan... I always love answering your insightful questions.
Egan: Why is it that negative five times negative two is positive ten?
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Mr. Chernoff: Well, Egan, remember when I told you that a negative number times a
negative number results in a positive number?

Egan: Yes, Mr. Chernoff, I have that written down in my notes from today’s class.
Mr. Chernoff: Ok then, is negative five negative?

Egan: Yes.

Mr. Chernoff: And, is negative two negative?

Egan: Yes.

Mr. Chernoff: Well then, the answer is positive because we are multiplying two
negatives.

That’s much better... right?! Before I weigh in, let’s consider another example.

Solving Equations

One of my other favourite abhorithms involves solving linear equations. Like most
abhorithms, it’s simple, concise and, if you just go along with it, you'll never solve a linear
equation incorrectly for the rest of time. When solving equations, when you drag a number
across the equals sign you change plus to minus or minus to plus. You may have even heard
the next line, which goes something like “reasons for this we will not discuss,” which
applies to many abhorithms. I was even once told that when you drag a number across the
equals sign that magic pixie dust falls from the sky and changes the sign. Should you need
a visual, x + 2 = 4 becomes x = 4 — 2 because, well, it was dragged across the equals sign
which cued the pixie dust sprinkle. Clearly, a mathematical abhorithm is at play. However,
as we’ve discussed, we’re at the dawn of a new world order in math class. And so, instead,
the following exchange might take place:

Egan: Excuse me, Mr. Chernoff, I have a question.

Mr. Chernoff: Yes, Egan.

Egan: I'm trying to solve this equation, and I'm trying my best to follow the notes
you gave us, but why does this minus 13 become a plus 13?

Mr. Chernoff: Remember what I said during the lecture, Egan: positive numbers
become negative numbers when you drag them across the equal sign. And, what
else did I say during the lecture?

Egan: I think I have that written down, hold on a sec... is this it: positive numbers
become negative numbers when you drag them across the equal sign AND negative
numbers become positive numbers when you drag them across the equal sign.

Mr. Chernoff: Right. It’s nice to see you finally taking notes, Egan. Ok, back to your
question. Is the number you're talking about here a negative number?

Egan: Yes. Minus 13.

Mr. Chernoff: And, are you dragging it across the equal sign?
Egan: Yes.

M. Chernoff: So...

Egan: ...it becomes positive 137!

Mr. Chernoff: Good! Now, and here’s the big question, why?
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Egan: Umm, because negative numbers become positive numbers when you drag
them across the equals sign...

Mr. Chernoff: Excellent, it seems like you're finally starting to understand things in
math class. Good for you!

Much, much better, right?! Look, I know it’s obvious that I've been attempting to set you
up with these last two examples. Let’s dig into them a bit further.

Semicircular Reasoning
So, let’s just get to the problem, a new problem in this new math class. The change—that is,
the move from abhorithm to abhorithmic exchange—might appear to be better, at first. After
all, students aren’t just being told what to do in these instances. They seem to be getting
explanations, a peek behind the curtains if you will, of the mathematics behind why exactly
a negative times a negative is a positive, or what is actually happening when you solve an
equation. Alas, an explanation is not what they are getting. And abhorithmic exchanges, I
contend, are no better than abhorithms. Even though such

The move from exchanges appear to be an improvement over abhorithms,
abhorithm to they are nothing but instances of logically fallacious, circular
abhorithmic reasonns.

exchange might As you probably know, circular reasoning is a logical fallacy
appear to be where propositions are supported by premises, which in turn
better, at first. are supported by the same propositions—thus, creating a

After all, students circle. Perhaps some non-math-class examples are

aren’t just being appropriate at this point. Nineteen-year-olds have the right to

. drink because it’s legal for them to drink is an example of circular

told What to doin reasoning (and, further, an example of begging the question).

these instances. Here’s another: Something can’t come from nothing; thus, the Big

Bang cannot have happened. The issue, of course, is that the

conclusion is assumed in the premise. Believe it or not, I have a favourite example because,
well, it really hit home for me.

Consider the conversations many teenagers have about curfew with their parents. You've
probably had these conversations yourself. Maybe, when you were younger, you had a
curfew at, say, 11:00 p.m. At some point, you probably began to question your curfew. You
may have even asked your Mom, your Dad, or whomever about the details of your curfew.
Try as you might, however, you were unable to crack the reasoning associated with your
curfew. Chances are, this is because the conversation about your curfew involved circular
reasoning. You may have asked why you have to be home by 11:00 p.m., to which they
replied that 11:00 p.m. is your curfew. You may have even appealed to the fact that all of
your friends were able to come home at a later time than you, say 12:00 a.m., and you would
ask why you, too, weren't allowed to stay out to 12am, to which they probably replied
again, to your great frustration, that your curfew was at 11:00 p.m. Here again, the
proposition (you must come home at 11:00 p.m.) is supported by the premise (curfew is at
11pm), which is supported by the proposition (you must come home at 11:00 p.m.). Because
of this, there is a “circle” in the reasoning, meaning that, in essence, your curfew
conversation is going nowhere. In general, there is a logical form to circular reasoning: X is
true because of Y. Y is true because of X. This brings me to my use of the term “semicircular
reasoning” as opposed to “circular reasoning” in the title of and throughout this article.
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My use of “semicircular reasoning” is an attempt to not lose the forest for the trees when
looking at this potential issue in the math class. In other words, I want to avoid the
argument that, if the reasoning does not explicitly follow the logical form of circular
reasoning then, somehow, we're all off the hook. Semicircular reasoning, then, is a term I
use to describe any instance of an abhorithmic exchange that even has a hint of circular
reasoning. Looking back to the first example I gave in the math . .

class, when the teacher is asking the student whether or not the At this point, we

number they see in front of them is negative or not, they are need to ask
doing so with the conclusion being assumed in the premise. This ourselves if
particular abhorithmic exchange, then, is an example of sh aring

semicircular reasoning. And at this point, we need to ask .

; : s o : semicircular
ourselves if sharing semicircular reasoning with our students is : ith
any better than “Bwoooooop!” Similarly, asking the student reasoning wit
whether or not they dragged the number across the equal sign our students is
does not get us any closer to a mathematically sound justification any better than
and explanation as to what is really going on when we're solving “Bwoooooop!”
linear equations in the math classroom.

Analyzing Abhorithmic Exchanges for Semicircular Reasoning
Concerningly, perhaps alarmingly, if you really start looking and listening for the use of
semicircular reasoning in the math class then it might start to appear more than you’d like.
Consider the following example.

Egan: Excuse me, Mr. Chernoff, I have a question.

Mr. Chernoff: Of course you do, Egan.

Egan:I'm trying my best to follow the notes thatI wrote down during your lecture...
I was just wondering, why do we change the division sign to a multiplication sign
and put the number on the bottom on the top and the number on the top on the
bottom for the second number?

Mr. Chernoff: Well, Egan, what question are you working on?

Egan: This one, from the homework: 3 + %

Mr. Chernoff: Hmm, maybe you weren’t listening during the lecture, Egan, but let’s
see if you maybe remember. What did I say was the first rule for dividing fractions?

Egan: You never divide fractions?

Mr. Chernoff: Right, we never divide fractions. Instead, we...
Egan: Multiply...

Mr. Chernoff: Right. And how do we multiply fractions?

Egan: We change the division sign to a multiplication sign and then put the number
on top on bottom and the number on bottom on top.

Mr. Chernoff: See, you understood what you were doing all along.

Analyzing the abhoritimic exchange through the lens of semicircular reasoning, the student
is no closer to learning the mathematical underpinnings as to why you change the sign and
put the number on top on the bottom and the number on the bottom on top. The
conclusion—that is, to change the sign and put the number on the top on bottom and the
number on the bottom on top, is assumed in the premise. What we have then, are instances
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of students looking for the conclusion in their textbooks and elsewhere and then being
rewarded when they are able to identify a division of fractions question. Unfortunately,
semicircular reasoning is definitely not the change that is supposed to be taking place in
the math class. Consider the following exchange:

Egan: Excuse me, Mr. Chernoff, I have a question.
Mr. Chernoff: Sure thing, Egan.

Egan:You said that when we're converting from a decimal to a percent that we move
the decimal point two places to the right.

Mr. Chernoff: That's exactly what I said.

Egan: I guess my question is why we’re moving it to places to the right?
M. Chernoff: Because you're multiplying by 100, Egan!

Egan: Ok, I guess...

The above exchange reminds me, and perhaps it reminds you, of the curfew conversation.
Circular reasoning should not have worked for your parents when you asked to stay out a
bit later; alas, it did. Semicircular reasoning does not and should not work in math class.
Period.

Moving the Goalposts

The argument could be made that this potential issue could be avoided by teaching the
abhorithms and “just getting on with it.” After all, if students learn to simply move the
decimal over when converting a percentage to a fraction, then the damage, I contend, is
localized. However, if they listen to the fallacious reasoning that is being used to support
the abhorithm, then there are now two instances of damage. In the worst-case scenario, a
student, let’s say it's a bright student, notices a pattern that’s starting to emerge while
they’re learning mathematics—that is, whether the teacher is teaching multiplication of
integers, solving equations, fraction division, or converting between decimals and
percentages, the reasoning behind all of these topics appears to the student to be one and
the same, so maybe math isn’t that difficult after all. In other words, the damage has spread.

As Garth Algar famously said, “We fear change.” When it comes to a math class that is
purported to be digging deeper into the mathematics but, instead, is relying on
semicircular, fallacious reasoning when attempting to clarify the school mathematics that
students are attempting to learn, just give me the abhorithm (something I never, ever
thought I'd say), because it might be less damaging in the end. Coincidentally, some might
say ironically, utilizing the logical fallacy of semicircular reasoning to explain mathematical
abhorithms could even result in another logical fallacy; me, I'd rather just keep the goal
posts where they are. After all, semicircular reasoning in not a teaching strategy, because
it’s not.
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